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What is this about?

One computational resource we still did not consider is
randomness

After all, in programming languages you have a random number
generator

So can we gain something extra with this?
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An easy example: polynomials
We will consider polynomials over Q

A polynomial is an expression of the form:

k 4

p(x) = > [[(x+aiy)

i=1 j=1
with each a;; € Q

The canonical form of p(x) is an expression of the form:

The degree of p(x) is £.
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An easy example: polynomials

When evaluating polynomials over the domain Q

» The most expensive operation is multiplication, so we will measure
the complexity in terms of evaluation
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An easy example: polynomials

When evaluating polynomials over the domain QQ

» The most expensive operation is multiplication, so we will measure
the complexity in terms of evaluation

Exercise

1. Give an algorithm that, given p(x) and a € Q as input calculates
p(a).

2. Give an algorithm that, given p(x) in canonical form and a € Q as
input, calculates p(a).

The two algorithms should perform O(¢) multiplications, where £ is the
degree of p(x).
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Equivalence of polynomials

Given two polynomials p(x) and g(x), we want to verify if they are
identical.

> For each a € Q, it holds that p(a) = g(a)
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Equivalence of polynomials

Given two polynomials p(x) and g(x), we want to verify if they are
identical.

> For each a € Q, it holds that p(a) = g(a)

We define the following language:

EQUIV-POL = {(p(x),q(x)) | p(x) and g(x) are identical polynomials}
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Equivalence of polynomials

Given two polynomials p(x) and g(x), we want to verify if they are
identical.

> For each a € Q, it holds that p(a) = g(a)

We define the following language:

EQUIV-POL = {(p(x),q(x)) | p(x) and g(x) are identical polynomials}

How can we solve EQUIV-POL?
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An algorithm for EQUIV-POL

Input: p(x) and g(x)
1. Find the degrees k and ¢ of p(x) and g(x), respectively

2. If k =1¢, then goto step 3, otherwise return no

3. Convert p(x) and g(x) into their canonical form:

4. Check if ¢; = d; for all i € {0,..., k}. If this is true return yes,
otherwise return no
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An algorithm for EQUIV-POL

Exercise
1. Show that the previous algorithm is correct.

2. Show that the algorithm uses O(k?) multiplications.
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An algorithm for EQUIV-POL

Exercise
1. Show that the previous algorithm is correct.

2. Show that the algorithm uses O(k?) multiplications.

Can we solve the problem using fewer multiplications?
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Enter randomness
(a probabilistic algorithm for EQUIV-POL)

Input: p(x) and g(x)
1. Determine the degrees k and ¢ of p(x) and g(x), respectively

2. If k =¢, then goto step 3, otherwise return no

3. Randomly (and uniformly) select some a from the set {1, ..., 100k}

4. Check if p(a) = g(a). If this is true, return yes, otherwise return no
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Is this faster?

The probabilistic algorithm will do only O(k) multiplications
» As it only needs to evaluate two polynomials of degree k
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Is this faster?

The probabilistic algorithm will do only O(k) multiplications
» As it only needs to evaluate two polynomials of degree k

But the algorithms can give a wrong answer as well!
» What is the probability that this happens?
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The probability of error

Take p(x) and g(x) of degree k

> If (p(x),q(x)) € EQUIV-POL, then the algorithm always gives the
correct answer

> If (p(x), g(x)) & EQUIV-POL, the algorithm can answer yes if it
selected some a € {1,...,100k} such that p(a) = g(a)

But then a is a root (a null-value) of the polynomial

r(x) = p(x) — a(x)
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The probability of error

We know that r(x) is not a null-polynomial, and that its degree is
no more than k

» Therefore r(x) has at most k roots in Q

We get:
Pr(ais a root of r(x)) < Kk
100k
1
100
1IC3242 - Randomized computation
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Amplifying the probability that the algorithm is correct

The probability of error is bounded by ﬁ

» Is this good enough for you?
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Amplifying the probability that the algorithm is correct

The probability of error is bounded by ﬁ

» Is this good enough for you?

Exercise

We can solve EQUIV-POL using O(k) multiplications with probability of
error bounded by 15t
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Amplifying the probability that the algorithm is correct

The probability of error is bounded by ﬁ

» Is this good enough for you?

Exercise

We can solve EQUIV-POL using O(k) multiplications with probability of
error bounded by 15t

Good enough? (It is more probable that a meteorite crushes you)
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Turing machines which account for randomness

Can we formalise the notion of randomness using TMs?
Can we define complexity classes which account for randomness?

Idea: Give a random number generator to a TM
» Clearly a random bit generator is enough

» Or a fair coin if you prefer

11IC3242 - Randomized computation
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Probabilistic Turing Machines

Definition
A probabilistic TM is a tuple M = (Q,X,T, 9, qo, Gaccept> Greject)
» @ Is a finite set of states
> Y is a finite alphabet =,B & ¥
» [ is the tape alphabet with X U {+,B} C T
> go € Q is the initial state

v

Gaccept, Qreject € Q are the halting states

> 0 is a partial function:

§ © Q@xTx{0,1} = QxTx {0}
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How do probabilistic TMs work?

The input to a probabilistic TM M consists of a string w € ¥* and a
string s € {0, 1}*

> w is the input we want to accept of reject

> s is an infinite string of 0 and 1, which model our random
bits/choices

> The intuition: s models a source of random bits (wait one slide)

The initial state:

> M has - wB--- on its first tape, and F s on its second/ “random”
tape

» M is in state qo

» Both reading heads of M are at position 1 of their tape
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How do probabilistic TMs work?

At each step the machine is in some state g and its tape heads are in
positions p; and p,

> If the symbol in the position p; (i = 1,2) is a; and
3(q,a1,a) = (q', b, X), then:

» The machine writes the symbol b in the position p; of the first
tape
» We change the state from ¢ to ¢’

» The first head moves to p; — 1 if X is <+, andto p; +1if X is
—. If X is [J, then first head remains in the position p;
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How do probabilistic TMs work?

At each step the machine is in some state g and its tape heads are in
positions p; and p,

> If the symbol in the position p; (i = 1,2) is a; and
3(q,a1,a) = (q', b, X), then:

» The machine writes the symbol b in the position p; of the first
tape
» We change the state from ¢ to ¢’

» The first head moves to p; — 1 if X is <+, andto p; +1if X is
—. If X is [J, then first head remains in the position p;

» The second head moves to the position p, + 1
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Running time of a probabilistic TM

The input to a probabilistic TM M with the alphabet ¥ consists of two
strings: w € ¥* and s € {0,1}*

> We use the notation M(w, s) to denote the input of M
> We say that M(w, s) accepts, if M on input (w,s) halts in Gaccept

> We define that M(w, s) rejects analogously

11IC3242 -~ Randomized computation 17 / 58



Running time of a probabilistic TM

The input to a probabilistic TM M with the alphabet ¥ consists of two
strings: w € ¥* and s € {0,1}*

> We use the notation M(w, s) to denote the input of M
> We say that M(w, s) accepts, if M on input (w,s) halts in Gaccept

> We define that M(w, s) rejects analogously

First assumption
We consider only probabilistic TMs M which halt on every input (w, s)

This is the same as when defining what an algorithm is.
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Running time of a probabilistic TM

As before, a step of probabilistic TM M consists of executing a single
instruction of the transition function
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Running time of a probabilistic TM

As before, a step of probabilistic TM M consists of executing a single
instruction of the transition function

> We define timep(w, s) as the number of steps executed by M on
input (w, s)
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Running time of a probabilistic TM

As before, a step of probabilistic TM M consists of executing a single
instruction of the transition function

> We define timep(w, s) as the number of steps executed by M on
input (w, s)

Second assumption

There is a function f : ¥* — N such that for all w € ¥* and s € {0, 1}*:

timey(w,s) < f(w)
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Running time of a probabilistic TM

As before, a step of probabilistic TM M consists of executing a single
instruction of the transition function

> We define timep(w, s) as the number of steps executed by M on
input (w, s)

Second assumption
There is a function f : ¥* — N such that for all w € ¥* and s € {0, 1}*:

timey(w,s) < f(w)

That is, there is maximum number of random bits which can be used on
input w, and this number depends only on w
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Running time of a probabilistic TM

To study worst case complexity we define:

timey(w) = max{timey(w,s)|s e {0,1}*}
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Running time of a probabilistic TM

To study worst case complexity we define:

timey(w) = max{timey(w,s)|s e {0,1}*}

With this we define the time complexity of a probabilistic TM M
as the function ty:

tm(n) = max{timey(w) | w € £* and |w| = n}

11IC3242 - Randomized computation
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The probability that a probabilistic TM accepts

Third assumption

If for a probabilistic TM M with alphabet X it holds that ty(n) < g(n)
for all n € N, then we assume that the inputs of M are of the form (w, s)
where w € ¥*, s € {0,1}* and |s| = g(n).

Since the running time of M is bounded by g(n), we can never use more
than g(n) bits of s on input w of length n.
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The probability that a probabilistic TM accepts

Let M be a probabilistic TM with alphabet X, and let ty(n) < g(n) for
all ne N.

Definition
For all w € ¥* with |w| = n, the probability that M accepts w is defined
as:

[{s € {0,1}* | |s| = g(n) and M(w,s) accepts}|
2&(n)

Pr{M accepts w|

Also, Pr[M rejects w] = 1 — Pr[M accepts w]

Why is this OK for any ty(n) < g(n) < g’(n)?
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Probabilistic complexity classes

The idea: polynomial time probabilistic machine which gives me
the correct answer with high probability
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Probabilistic complexity classes

The idea: polynomial time probabilistic machine which gives me
the correct answer with high probability

Definition

Let L be a language over the alphabet L. We say that L is in the

class BPP if there is a probabilistic TM M with tp(n) = O(n¥)
and for each w € ¥*:

» Ifw € L, then Pr{M accepts w| >
> Ifw ¢ L, then Pr{M accepts w| <

Bl DWW

11IC3242 -~ Randomized computation 22 /58



Probabilistic complexity classes

The idea: polynomial time probabilistic machine which gives me
the correct answer with high probability

Definition

Let L be a language over the alphabet L. We say that L is in the

class BPP if there is a probabilistic TM M with tp(n) = O(n¥)
and for each w € ¥*:

» Ifw € L, then Pr{M accepts w| >
> Ifw ¢ L, then Pr{M accepts w| <

Bl DWW

Another way of saying this: Procrq 1360 [M(x,5) = L(x)] >

Blw

(Here L(x) =1is x € L, and M(x,s) = 1 if the machine accepts)
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BPP = co-BPP
<O Fr <= «Er E HAQ
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BPP = co-BPP

Why is this true?
«0>» «Fr» «E>» «E)>» = Q>
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Amplification lemma

In the definition of BPP, the probability % seems quite arbitrary. And this
is true, we can make this much better.
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Amplification lemma

In the definition of BPP, the probability % seems quite arbitrary. And this
is true, we can make this much better.

Error reduction for BPP

Let L be a language over . If L € BPP, then for each ¢ € N, there is a
probabilistic TM M with ty(n) = O(n¥) and for all w € £*:
» If w € L, then Pr[M accepts w] > 1 — (%)e

> If w ¢ L, then Pr[M accepts w| < (%)e

Idea: The same as for checking polynomial equality; just run the
algorithm multiple times!
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Proof of BPP error reduction

Since L € BPP, there is a probabilistic TM M; with tp, (n) = O(n*) and
for all w € *:
> If w € L, then Pr[M; accepts w] >

Bl= AW

> If w & L, then Pr[M; accepts w] <
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Proof of BPP error reduction

Since L € BPP, there is a probabilistic TM M; with tp, (n) = O(n*) and
for all w € *:
> If w € L, then Pr[M; accepts w] >

Bl= AW

> If w & L, then Pr[M; accepts w] <

We use M; to construct the machine M from the lemma.
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Proof of BPP error reduction

Consider the following algorithm which takes as input w € ¥*:

1. Randomly (and uniformly) select strings si1, s, ... spe41 in {0,1}* such
that [si| = [s2| = -+ = [s2041] = tm, (W)

2. Construct the set A= {i € {1,...,2¢+ 1} | Mi(w,s;) accepts}

3. If |JA| > £+ 1, then accept, otherwise reject

11IC3242 - Randomized computation
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Proof of BPP error reduction

Consider the following algorithm which takes as input w € ¥*:

1. Randomly (and uniformly) select strings si1, s, ... spe41 in {0,1}* such
that [si| = [s2| = -+ = [s2041] = tm, (W)

2. Construct the set A= {i € {1,...,2¢+ 1} | Mi(w,s;) accepts}

3. If |JA| > £+ 1, then accept, otherwise reject

Assume that M is the probabilistic TM implementing this algorithm
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Proof of BPP error reduction

Consider the following algorithm which takes as input w € ¥*:

1. Randomly (and uniformly) select strings si1, s, ... spe41 in {0,1}* such
that [si| = [s2| = -+ = [s2041] = tm, (W)

2. Construct the set A= {i € {1,...,2¢+ 1} | Mi(w,s;) accepts}

3. If |JA| > £+ 1, then accept, otherwise reject

Assume that M is the probabilistic TM implementing this algorithm

> Then tu(n) is O(n*) for some k, since tum,(n) is O(n*1) for some k;
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Proof of BPP error reduction

Consider the following algorithm which takes as input w € ¥*:

1. Randomly (and uniformly) select strings si1, s, ... spe41 in {0,1}* such
that [si| = [s2| = -+ = [s2041] = tm, (W)

2. Construct the set A= {i € {1,...,2¢+ 1} | Mi(w,s;) accepts}

3. If |JA| > £+ 1, then accept, otherwise reject

Assume that M is the probabilistic TM implementing this algorithm

> Then tu(n) is O(n*) for some k, since tum,(n) is O(n*1) for some k;

Next we prove that M has the desired properties

11IC3242 - Randomized computation
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Proof of BPP error reduction

Take first w € L, and assume that

Pr[My accepts w] = p

then by the assumption p > %
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Proof of BPP error reduction

Take first w € L, and assume that

Pr[My accepts w] = p

then by the assumption p > %

Furthermore, assume that p < 1

> If p=1then Pr[M accepts w] =1>1— (3). Why?
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Proof of BPP error reduction
Take first w € L, and assume that
Pr[My accepts w] = p
then by the assumption p > %

Furthermore, assume that p < 1

> If p=1then Pr[M accepts w] =1>1— (3). Why?

Therefore we have that:

Pr[M rejects w| = Z

" 1
i=0

l
2041\ .
< ) )p (1 p)2l+1
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Proof of BPP error reduction

Since % < p <1, it follows that 1 < ﬁ

Therefore for i € {0,...,¢} it holds:

0—i
i —i i —if _P
p (1 _ p)2@+1 S p (1 o p)2f+1 (p>

1—
— pe(l _ p)2+1
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Proof of BPP error reduction

Therefore:
/2041 2041
i l _ 20+1—i < V4 1 _ (+1
2;( ,. >p( p) < 2;( ,. >p( p)

4
20+1
— pf(l _ p)é+1 E < I >
i=0

pé(l _ p)e+1 920+1

IN
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Proof of BPP error reduction

Therefore:
/2041 2041
i l _ 20+1—i < V4 1 _ (+1
2;( ,. >p( p) < 2;( ,. >p( p)

4
20+1
— pf(l _ p)é+1 E < I >
i=0

pé(l _ p)e+1 920+1

IN

The maximum value of f(x) = x(1 — x) in the interval [2,1) is achieved
3

InX:Z
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Proof of BPP error reduction

Therefore:
/2041 2041
i 1 _ 20+1—i < V4 1 _ (+1
2&( ,. >p( p) < 2;( ,. )p( p)

4
20+1
— pf(l _ p)é+1 § < I >
i=0

pé(l _ p)e+1 920+1

IN

The maximum value of f(x) = x(1 — x) in the interval [2,1) is achieved

i -3
inx =3

» We conclude that p(1 — p) < % . [11
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Proof of BPP error reduction

It now follows that:

Z (25 ;i‘ 1> pi(1 — p)ii

IA

pe(l _ p)l+122é+1
i=0

= (p(L-p)(1—-p)2>*!

< (3.1) Ll
= 4 4 4

'3
_ 3 20+1
T g2+l
£
_ 3 4
- 420+1
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Proof of BPP error reduction

So we can conclude that:

Pr[M rejects w] =

M-

Il
o

2041\ .
< | )P (1 _ p)2l+1

EEA NN
N——
~

Which gives us:

3\ *
Pr[M accepts w] > 1-— ()
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Proof of BPP error reduction

Consider now the case when w ¢ L, and let

Pr[M; accepts w] = ¢

IN

where g
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Proof of BPP error reduction
Consider now the case when w ¢ L, and let

Pr[M; accepts w] = ¢

1
where g <

Furthermore, assume that 0 < g

> If g =0 then we have that Pr[M accepts w] = 0 < (3)*.
Why?
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Proof of BPP error reduction

Consider now the case when w ¢ L, and let

Pr[M; accepts w] = ¢

where g < %
Furthermore, assume that 0 < g

> If g =0 then we have that Pr[M accepts w] = 0 < (3)*.
Why?

Same as in the previous case, we now have:

£

20+1 o .
Pr[M accepts w] = Z ( + >(1 _q) gt

. I
i=0

11IC3242 -~ Randomized computation 32 /58



Proof of BPP error reduction

Since0 < g < %, we get that 1 < l;qq

So for all i € {0,...,¢} it holds:

L—i
(1 o q)iq2€+1fi S (1 o q)iq2Z+1,’<1 - q>
q
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Proof of BPP error reduction

Therefore:

/2041 , , 2041

Z( - )(1—61)’612”1’ < Z( , >(1—q)ec7£+1
i=0 ! i=0 !
¢

20+1

— 1_ 0 _l+1
a-aray (1)

i=0
(1 _ q)éqé+122£+1

IN
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Proof of BPP error reduction

Therefore:

/2041 , , 2041

Z( - )(1—61)’612”1’ < Z( , >(1—q)ec7£+1
i=0 ! i=0 !
¢

20+1

— 1_ 0 _l+1
a-aray (1)

i=0
(1 _ q)éqé+122£+1

IN

The maximum of the function f(x) = x(1 — x) in the interval (0, 1] is
1

achieved in x = 7
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Proof of BPP error reduction

Therefore:

/2041 , , 2041

Z( - )(1—61)’612”1’ < Z( , )(1—67)2612+1
i=0 ! i=0 !
¢

20+1

— 1_ 0 _l+1
a-aray (1)

i=0
(1 _ q)€q€+122€+1

IN

The maximum of the function f(x) = x(1 — x) in the interval (0, 1] is
1

achieved in x = 7

» We can conclude that (1 —¢q)g <31
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Proof of BPP error reduction

From this we get:

¢
Z <2€ + 1) (1= q)ig?
i

i=0

IN

(1 _ q)£q£+122£+1

((1—q)q)‘q2* ™

¢
< (3.1} 1o
= \472) 14
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Proof of BPP error reduction

From this we get:

4

Z <2€ ,+ 1> (1— q)igtti=

i=0

IN

(1 _ q)£q£+122£+1

((1—q)q)‘q2* ™

¢
< (3.1} 1o
= \472) 14

As in the case when x € L we get that:
¢ ¢
2041 ; ; 3
Z ( ;’— )(1 _ q)1q2€+1—1 < (4)

i=0
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Proof of BPP error reduction

And finally, we can conclude that:

‘
20+1 . .
Pr[M accepts w] = Z < + )(1 _q) gt

IN
N
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Strong amplification lemma

In fact, the amplification lemma can be made much stronger:

Lemma (Exponential error reduction for BPP)

Take any polynomial poly(n). Then for all L € BPP there is a
probabilistic polynomial time TM M such that:

> Ifw e L, then Pr{M accepts w] > 1 — W

> Ifw ¢ L, then Pr{M accepts w] <

2p0/y( n)
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Strong amplification lemma: the proof

The proof follows from the weak version. We just have to find the correct
{ for each n, and run the algorithm from that lemma ¢ times.

If this number is polynomial in n we are good
So fix some n

We want:
(,)l < o—poly(n)
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Strong amplification lemma: the proof

3
Cy <20 g

£ - 1og»(0.75) < —poly(n) / : log2(0.75) (< 0)

__poly(n)
B /Og2(075)

¢ >~ 2.5poly(n)
Therefore, if we take £ = 3poly(n) we are good
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Strong amplification lemma: the proof

The result we will actually use is that this holds for poly(n) = n?

But you can prove by an easy induction on n that:
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Relating BPP to other complexity classes

With the amplification lemma we can easily obtain this result:

Theorem (Adleman, 1978)
BPP CP/poly.

Proof: Take any L € BPP. By the strong error reduction, we know
that there is a polynomial time probabilistic TM M such that:

» If w e L, then Pr[M accepts w| > 1 — 2%

» If w & L, then Pr[M accepts w] < 2%
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Small circuits for BPP

Since ty(n) < p(n), for some polynomial p(n):

> We can assume that the random string s for M is of length p(n)

So we have that:
For all w € ©* with |w| = n, the probability that M accepts w is defined
as:

[{s € {0,1}* | |s| = p(n) and M(w, s) accepts}|
2p(n)

Pr[M accepts w]
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Small circuits for BPP

Fix any x € {0,1}"

By our assumption:

1
Prse{o,l}p<n>[/\/7(X,s) # L(x)] < >

Therefore the number of s € {0,1}”(" such that M(x,s) # L(x):

> |s at most 2P(n) .2~

So for all x € {0,1}" the number of random bit-strings s which make the
machine output the wrong answer is at most:

on . op(n) o=n* _ op(n)  g—n < p(n)
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Small circuits for BPP

Therefore, there is a string r, of length p(n) such that:

> For all x € {0,1}" we have that M(x, r,) = L(x)

» That is, the machine gives the correct answer
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Small circuits for BPP

Therefore, there is a string r, of length p(n) such that:
> For all x € {0,1}" we have that M(x, r,) = L(x)

» That is, the machine gives the correct answer

This holds for all n, so we have a sequence {r,}, of strings such that
M(x, r‘x|) = L(x), for any x
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Small circuits for BPP

Therefore, there is a string r, of length p(n) such that:
> For all x € {0,1}" we have that M(x, r,) = L(x)

» That is, the machine gives the correct answer
This holds for all n, so we have a sequence {r,}, of strings such that
M(x, 1) = L(x), for any x

A polytime machine with polynomial advice string for L:
> Use r, as the advice string for the machine N
> Run M on input (x, 1)

> Enjoy life!
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BPP and PH

Theorem (Gacs-Sipser-Lautemann)
BPPC TP NP

Since we know that BPP = co-BPP, we only need to prove that
BPP C ¥¥

So take any A € BPP

We need to give a Zg algorithm for A
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A quick reminder

Proposition

Let L be a language over Y. Then L is in 5 if and only if there is a
PTIME decidable language B and a polynomial q(n) such that for all
we X

w € L if and only if
(A € T7, Iv| = q(Iw]))(Vv2 € T7, [v2| = q(|w])) : (w,v1,v2) € B
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Proof of BPP C ¥%

Since A € BPP by the strong amplification lemma:
» There is a probabilistic TM M
The running time of M is p(n), with p a polynomial

v

v

M uses p(n) bits on input of length n

v

Why can | assume the last two simultaneously?

v

And the following error bounds hold:
> x € A then Pr[M(x) accepts] > 1 — 2~
> x ¢ A then Pr[M(x) accepts] < 2!
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Proof of BPP C ¥%

To make thing more explicit:

Since A € BPP by the strong amplification lemma:
» There is a probabilistic TM M
» The running time of M is p(n), with p a polynomial
» M uses p(n) bits on input of length n

» And the following error bounds hold:
> x € Athen Pr o 1yp0)[M(x, y) accepts] > 1 — 27
> x & Athen Pr o 130000 [M(X,y) accepts] < 2~ Ix]
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Proof of BPP C ¥%

Fix any x of length n and let m = p(n)

Ac={y € {0,1}" | M(x,y) accepts }
R« ={y € {0,1}™ | M(x,y) rejects }

Note that:
R. ={0,1}" — A,
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Proof of BPP C ¥%

A ={y €{0,1}" | M(x, y) accepts }

It holds that:

If x € A: |Ag| > 2m —2m=1 and |R,| < 2m"

If x ¢ A: IRe| > 2™ — 2m=n and |A,| < 2m=n
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Proof of BPP C ¥%

Notation
We use s € {0,1}™ to indicate that s € {0,1}" and |s| = m

Given a and b in {0,1}, the operation a @ b is defined as (a + b) mod 2
» That is, @ is XOR

For x,y € {0,1}" with x = a1a>---am and y = bib - - - b, the operation
x @ y gives as the result the following string in {0,1}™:

(a1 ® b1)(a2 ® b2) - - - (am D bm)

We will use the fact that a® a = 0™
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Proof of BPP C ¥%

The following lemma is key to our algorithm:

Lemma

The string x € A if and only if there exist strings z1 . .., zmy, €ach
of length m, such that

{voz|1<j<myeA} = {01}7,

where |x| = n, and m = p(n) as above.

The idea is that for x € A, the set Ay is so big that just a few
shifts of the form y — y & z can cover all of {0,1}™ (and the
opposite for x ¢ A)
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Proof of BPP C ¥%

From the lemma we get the following characterisation of A:

A string x of length nis in A iff (here m = p(n)):
1. 3z € {0,1}™ -3z, € {0,1}™
2. Vw e {0,1}7
3. w=y®z, forsomel<j<mandyc A,
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Proof of BPP C ¥%

From the lemma we get the following characterisation of A:

A string x of length nis in A iff (here m = p(n)):
1. 3z € {0,1}™ -3z, € {0,1}™
2. Vw e {0,1}7
3. w=y®z, forsomel<j<mandyc A,

The last property is saying that w @ z; € A, (since y = w @ zj)
> So we just run M(x,w @ z;) for j =1...m (which is PTIME)

Therefore BPP C %
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Proof of the lemma

To finish the proof we only need to prove the lemma
[«<] Assume that x ¢ A

We know that |A,| < 2m~"

So take any z,...,zpy

Since the function y — y @ z is injective:

m
{y@zj‘1§j§may€Ax}:U{y€sz|y€Ax}
j=1
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Proof of the lemma

m
{yezl1<j<myecAll < Y {yazlycAl
j=1

= Z |AX‘
j=1

mszn

< 2m

IN

(for n big enough)
Therefore {y @z |1 <j < m,y € A} #{0,1}"

So we are done with [<]

11IC3242 -~ Randomized computation 55 / 58



Proof of the lemma

[=] Assume that x € A
Then |R| <2m7"

We call a a sequence zi, ..., z, bad (for x) if:
» There is w € {0,1}™ such that

A sequence that is not bad is called good (for x)

We wish to prove that there is some good sequence for x
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Proof of the lemma

How many bad sequences are there?

A bad sequence is defined by:
» A subset of R, of size m
» And a string w € {0,1}"™

» (This follows since we want w @ z; € Ry)

Since |Ry| < 2™7" then Ry has < (2™~ ")™ subsets of size m
So the number of bad sequences is at most:

om . (2m—n)m < 2m(m—n+1) < 2m2
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Proof of the lemma

The number of bad sequences is at most:

om . (2m—n)m < 2m(m—n+1) < 2m2

On the other hand, the total number of (any) sequences is 2™

So there must exist at least one good sequence
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